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Preliminaries

Definition
Abelian complexity of an infinite word u is a function

AC(n) = #{¥(w)[w € Ln(0)},

where W(w) = (|w|s)aca is Parikh vector of w.

Definition

We define balance function of an infinite word u as

B .
(n) = max  max {lvla—lwla}

The word u is C-balanced if B(n) is bounded by some C. We say that
u is balanced if it is 1-balanced.




Introduction
0e00

Words over binary alphabets
0000000

Words over multiliteral alphabets
00000

Conclusion
00000

u = (0010)¥ = 001000100010 - - -

Factors of length 3: L35(u) = {
Parikh vectors: (2,1), (2 2

001,010, 100,000}, C(3) = 4
1

1), (2,1), (3,0), AC(3) = 2

Factors of length 4: £4(u) = {0010, 0100, 1000,0001}, C(4) =4
Parikh vectors: (3,1), (3,1),(3,1),(3,1), AC(3) =1
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o 1< AC(n) < (

0<B(n)<n
e AC(n) is bounded < B(n) is bounded

e AC(p) =1 for some p < u is periodic of period p
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Incidence matrix vs. balance function

Theorem (Adamczewski 2003)

Let u be a fixed point of a primitive substitution . Let us denote the
second biggest (in absolute value) eigenvalue of the incidence matrix of ¢
by 0. |02| < 1 if and only if B(n) is bounded.
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Let u be an infinite word over a binary alphabet. Then
AC(n) = B(n) + 1 for all n € N.
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An infinite aperiodic word u is Sturmian, if for all n € N it holds

Cn)=n+1.
(Necessarily #A4 = 2.)

Let u be an infinite word over a binary alphabet. Then u is Sturmian if
and only if u is aperiodic and AC(n) = 2 for all n € N.

«O» «Fr « =>»

<

it
-

DA



Introduction Words over binary alphabets Words over multiliteral alphabets
0000 000@000 00000
Thue-Morse word

Thue-Morse word

Thue-Morse word TMj is a fixed point of the substitution

J 0 = 01
YY1 = 10

Conclusion
00000

TM, = 011010011001011010010110011010011001011001 - - -

Theorem (Richomme, Saari, Zamboni 2009)
The Abelian complexity of TM, satisfies

2 forn odd,
AC(n) = { 3 forn even.
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Quadratic non-simple Parry

ug — word associated with a quadratic non-simple Parry number 3
— is the fixed point of the substitution

»
‘{0 - ol , wherep >qg>1

1 = 09

Theorem (Balkova, B., Turek 2011)
Let (U,)%2, be a sequence such that U,, = |¢™(0)|. Then
k
AC(n) =1+ Uk — > (dj +¢;)Uj_1,
j=1

where

@ k is "enough big”,

o (n)u = (di, dg-1,-..,d1,do),

@ (Upt1 —n)u = (exs€k—1,---,€1,€0).




the fixed point of the substitution

ug — word associated with a quadratic simple Parry number 3 - is

{0 — 0Pl
(p:

1 — 0

, Wherep>q¢>1
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Quadratic Parry

Quadratic simple Parry

Theorem (Balkova, B., Turek 2011)
Let ¢ > 1, and let J € Nq satisfy Uy < n < Uj11, where (Un)o2
that Uy, = |¢™(0)].

—0 is a sequence such

%if|v(%)\§nandM::%—1

@ IfJ is even: put N := %, and put M :=
otherwise.
J+1
@ [f J is odd: put M := % and put N := % iflw=Z )| <nand N := %

otherwise.
<(q —1) [(Mw + DMV — 1) — (M- N+ 1)M§,N] +

Then AC(n) =2+ (1,0)
J 0
+Z(Ci — > 1 ) , where
i=0
n—lwMhy = m—1-(g-1) XN Usis1)y = (€7yci—1,---,¢1,¢0),
n—M)y = -1-(g—1) X2 Vv = (ds,dj-1,---,d1,do).
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Tribonacci word t is the fixed point of the substitution

0 — 01
p:¢ 1 = 02
2 = 0

t = 0102010010201010201001020102010010201010201001 - - - I
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Properties of Tribonacci word

Theorem (Richomme, Saari, Zamboni 2009)

The Tribonacci word t is 2-balanced.

Theorem (Richomme, Saari, Zamboni 2009)

For the Tribonacci word t, the Abelian complexity AC(n) € {3,4,5,6,7}
for all n € N. All these values are attained and, moreover, 3 and 7 are
attained infinitely many times.
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K-bonacci word

Words over multiliteral alphabets
00000

K-bonacci word is the fixed point of the substitution

0 — 01
1 — 02

Conclusion
00000

0102010301020104010201030102010010201030102010401020 - - -




ug — word associated with a cubic Pisot number 3 - is the fixed
point of the substitution

, where p >1
0P—11

The word ug is 3-balanced. Its Abelian complexity satisfies
AC(n) € {3,4,5,6,7} for all n € N. Moreover, AC(n) = 7 is attained for
infinitely many n.
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Open questions

@ Tribonacci

e Does AC(n) attain the values 4, 5, 6 infinitely many times?
o Characterize those n for which AC(n) = m, where m € {4,5,6,7}.

@ K-bonacci

e Prove or disprove that it is (K — 1)-balanced.
e Everything about AC(n).
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Summary of the presentation

@ Defined and shown the connection between
e Abelian complexity AC(n)
e Balance function B(n)
@ Binary words
e Sturmian
o Thue-Morse
e Simple Parry
e Non-simple Parry
@ Words over multiliteral alphabets
e Tribonacci
e K-bonacci
o Cubic Pisot

@ Open questions



Thank you for your attention!
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